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Abstract 

We consider the multiple edge states of the Laughlin state and the Pfaffian state. 
These edge states are globally constrained through the operator algebra of conformal 
field theory in the bulk. We analyze these constraints by introducing an expression 
of quantum hall state by the chiral vertex operators and obtain the multiple edge 
partition functions by using the Verlinde formula. 
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1 Introduction 

Fractional quantum hall states [Q have edge excitations 00] as their low energy- 
excitations. They are the infinitesimal distortion of the quantum hall droplet. The parti- 
tion functions for these edge excitations have been discussed for the disk and the annulus 
geometry 1| JfJ |J . It is natural to generalize the discussions to edge excitations of 
quantum hall state on a region with multiple boundaries. In this paper, we would like to 
calculate the multiple edge partition function for these edge excitations, especially for the 
Laughlin state and the Pfaffian state. The wavefunctions for these quantum hall states 
are known to be correlation functions of extending fields of certain rational conformal field 
theories JTOj JTT[] [|T^] |L3] . Each edge excitation is generated on the primary field on each 



edge, which is determined by the bulk in the case of disk, but has degrees of freedom in 
general. These degrees of freedom are globally constrained by the chiral operator algebra 
of the bulk conformal field theory. In view of this, we introduce an expression of quantum 



hall states in terms of the chiral vertex operators $M to deal bulk and edge states simu 



lataneously. By using this method, we find a relation between the partition functions for 



rib and (rib — 1) boundaries, which is diagonalized by using the Verlinde formula [pT5|| - We 
obtain the partition functions by using this relation. 

The organization of the paper is as follows. In Sec. 2, we first review the relation 
between the bulk and the edge state in the Laughlin state on a disk. We introduce 
an expression in terms of the chiral vertex operators and extend it to the general cases 
with multiple boundaries. We get a relation between the partition functions for % and 
(n& — 1) boundaries, which is diagonalized by the Verlinde formula of rational torus. The 
explicit form of the multiple edge partition function for the Laughlin state in terms of the 
matrix elements of modular transformation is obtained. In Sec. 3, we extend the method 
introduced in Sec. 2 to the Pfaffian state. We again get a relation between the partition 
functions for rib and (n& — 1) boundaries. We obtain the multiple edge partition functions 
by diagonalizing the relation by the Verlinde formula of the Ising model. Sec. 4 discusses 
generalization to other quantum hall states. 



2 Edge and Bulk of the Laughlin states 

Before considering edge states from many-body wavefunctions, let us recall the relation 
of 2-dimesional bulk conformal field theory and 1+1 dimensional edge conformal field 
theory to 2+1 dimensional Chern-Simons theory |16||l7[]. Chern-Simons theory on a disk 
is equivalent to 1+1 dimensional CFT on its edge. This 1+1 dimensional CFT describes 
the edge excitations of FQH state. On the other hand, the Hilbert space of Chern-Simons 
theory with Wilson lines on a Riemann surface £ is the space of conformal blocks of 2 
dimensional CFT on E. Wilson lines correspond to primay fields of 2 dimensional CFT. 
Then bulk wavefunctions are states in the physical Hilbert space of Chern-Simons theory 
with Wilson lines. The bridge between these two CFT is discussed in |17| . There, by 
considering the effect of shrinking a boundary, it is shown that it eventually becomes 
equivalent to a Wilson line. This last fact relates the edge states to fields of the bulk 
conformal field theory. For example, edge excitations of a quantum hall state on a disk 
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are generated on the primary field at the infinity. 



2.1 Laughlin states on a disk 



Let us recall the relation between many-body wavef unctions and edge excitations in the 
v — i Laughlin state on a disk (q : odd) @ |§ |1 • Its ground state is described by the 
Laughlin wavefunction 

(2.1) 



<S>{z ir --,z N ) = Y[(zi - Zj) q exp 



i<j 



This wavefunction can be written in terms of a correlator of the rational torus with q 
primary fields. It is described by the chiral boson field (p compactified on a circle with a 

■ P 

rational value of the square of the radius. It has q primary fields [<j> p ] = [e with U(l) 
charge p/q, p G Z(mod q). The fermionic extending operator ip e = e l ^ v has a conformal 
weight q/2 and a unit U(l) charge. The Laughlin wavefunction (|2.1[) can be written by 
this operator as 

N r d 2 w 

$ = lim C« d « e (* edge (z 00 )n^e(^)exp / — y/v<p(w)) 

1 = 1 

- d 2 W 



/a. it) 
_^(ti>)|0>, (2.2) 



where the factor with the integrand is the neutralizing background field (or background 
magnetic field) and will be omitted hereafter, and 



tf edge = <f)_ N = e-* N ^, (2.3) 

' edge I 



(v^dgel = lim (0|vP edge (z oo )^, (2.4) 



h edge = \N 2 q. (2.5) 

Note that (|2.4j) is the standard definition of the "out" state for ^ dge in conformal field 
theory (V denotes the conjugate of field ). 

Edge excitations are the state of zero-energy for the model Hamiltonian (Haldane's 
pseudopotential) 0, 

^ = E^£<^-2,). (2.6) 

1=0 %<j 

The Laughlin wavefunction ( |2.1|) is the exact ground state of V and it is proved that 
all the zero energy states are obtained by acting the symmetric polynomials of Zi on 
the ground-state wavefunction H. In conformal field theory, these edge excitations are 
described by descendant fields of \l/edge generated by the U(l) Kac- Moody algebra j(z) = 

E-ooUz-Z^) — 1 [§, 

flj(ni,na,-) _ (a a . . Am . (0 7\ 

^edge \J—niJ-n2 J^edge; K^-'J 

[jn,jm] = n5 m+n . (2.8) 
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We get edge-excited wavefunctions by inserting ty^™ 2 ' ^ as 



N 

= iim . ^ +a, <*Jsr H wn^(^)>, (2.9) 

Zoo — 'CXJ ° 

1=1 



where I = J2 n k is the level of the descendant ^edge™ 2 ' ■ This construction generates 
the space of symmetric polynomials in z\s i.e. all the edge excitations when we take the 
thermodynamic limit N —>■ oo || 

Although edge excitations generate all the zero-energy states of V, we can add the 
term proportional to the total angular momentum L of electrons. This is a natural 
assumption for the confining potential, since L is nothing but the kinetic energy of edge 
excitatons. We can compute the eigenvalue of I on $ by transforming z — *> Xz, A = e ld . 
In ( gjD , as z ^ Xz, we get ^ e d ge -> X~ Kd ^ edge and ip e -> X~ he ip e , $(Az) = A M °<J 
with M = /ledge — = \qN(N — 1). Thus the total angular momentum of the 

state $ is M = ±qN(N - 1). Likewise in Q, ^dgf 2 '" -> A _/, «^- , tf£££ l2, "* ) , we 
get $(™i.™2.-)(A 2 ) = xMo+i^in!,^,-) _ Thug the total angular momentum Q f $( n i>^'-) is 
Mq + /. The number of state at each eigenstate of total angular momentum is given by 
the partition number of /. Therefore, the partition function of edge excitations on disk at 
the inverse temperature 2ttt = if3 is given by 



Z disk (r) = Tr (e 2mT{L ~^ ] ) = (2.10) 

oo 

V ( T ) = u& [](1 -cu n ), uj = exp(27rzr), (2.11) 

n=l 

where c = 1 and — ^ is a Casimir energy. This partition function is valid in the thermo- 
dynamic limit N — > oo. 

Now let us see these aspects of the quantum hall state $ of N electrons from the 
constructive point of view. Suppose that we make a disk-like subregion D\ which contains 
only one electron. Then from (|2.2j) the state at the boundary dDi of D\ is ^Xdge = </V 
Next, we make an annulus-like region D 2 around D\ which again contains one electron. 
Then the state of the outer boundary of D 2 (i.e. d{D\ U_D 2 )) is ^ed ge — 4>2q- Similarily we 
continue take annulus-like regions D% ■ ■ ■ to end up with the iV-th region D^. The state at 
the boundary d(\jf =l Di) is ^ dgc = 4>K q - The essential ingredient which this construction 
requires is fusion rules of conformal field theory. The fusion rules of the rational torus 
are 

(j) r X <f) s = (j) r+s . (2.12) 

The procedure above is summarized as follows : (i) Take a quantum hall droplet with the 
edge state ^g dge - (ii) Enlarge this droplet by surrounding it with an annulus-like quantum 
hall liquid with one field . (iii) Then the new edge state is ^edge.new determined by the 
fusion rule 

x v|> e v dge = vDV dgeinew . (2.13) 
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There is a concept which represents this constrution explicitly. It is the "chiral vertex 
operator" $) k (z) : [4>i] — > Hom([0 k ] — > [</>j]) []. It represents the three holed sphere with 
the fields on each hole. In our context, @j k (z) represents the annulus with the 

field (j>i inserted at z with the inner and outer edge states 4> k and respectively . It 
implies <f>{ x <p k = (f>j. Then the quantum hall state $ is expressed according to the above 
construction as 

* = $ q N q ,(N-i )q (zi) ■ ••^Mfl.oW- (2-14) 
For the quantum hall state with edge excitations cj>( ni > n2 '"') ; we have 

$(nx,n 2 ,..) = ^^^^j-^^-iXoN, (2.15) 

6 V = (j-nj-n 2 ■ ■ -)e- iN ^. (2.16) 
We define an operator M on chiral vertex operators by 

M& jk ={-A + Aj-Ak)& jk , (2-17) 

where A m is the conformal weight of field <p m . We demand that it satisfies the Leibnitz 
rule when it acts on the product of chiral vertex operators. Then 

M$ = M $, (2.18) 
M$(ni,n 2 , • • •) = (M + /)$, (2.19) 

where M = \qN(N - 1), and I = £ , n» is the level of the descendant field b. Thus, M 
coincides with the total angular momentum operator L when it acts on the space of the 
monomials of chiral vertex operators which express $( ni ' ra2 ' "'). Let us denote the vector 
space spanned by such monomials as fi edge . The partition function Q2.ll ) can now be 
written as 

Z disk = Tr ncdgc (e 2 ™( M -m . (2.20) 



2.2 Laughlin states on an annulus 

We consider a Laughlin state $(^i, ■ • • , zjv) on an annulus A, with N electrons. We 
can adjust the velocities of edge excitations on each edge to treat the energy of each 
boundary on equal footing. To divide the quantum hall state into components as in the 
previous section, we first make an annulus-like region D\ (instead of disk) around the 
inner boundary of A which contains only one electron. Then we make a series of annulus- 
like regions, Z?2 • • • D^, each of which contains one electron respectively. Eventually, we 
end up with the following expression for <&(zi, • • • , zjv): 

$ = z^ M) ■ ■ -Qd^fhM, (2.2i) 

1 see Q for detail. 

2 Preliminary description of quantum hall states in terms of chiral vertex operators is discussed in Jl8[| . 



5 



where (3% and (5 2 are the primary fields on the outer and the inner edges, respectively. The 
edge excitations are generated by descendant fields of them in the thermodynamic limit. 
di ■ • • cfjv are internal states determined by /3i and /3 2 ■ On contrary to the case of disk, 
we can't specify (3\ and f3 2 uniquely. However, we see that they must satisfy the following 
condition from the U(l) fusin rules: 

Pi = fa + Nq. (2.22) 

From this constraint, the general edge states are given by 

Px = X + m x q, P 2 = A + m 2 q (2.23) 
mi, m 2 G Z, mi — m 2 = Nq, A = 0, • • • , q — 1. (2.24) 

Let j\ and be the generators of U(l) Kac- Moody algebra on each boundary respectively. 
Then, the quantum hall state with edge excitations are expressed as 

^(m^-num,-) = . . .$l N _ ib2 ( ZN ), (2.25) 

h\ = U- ni j-n 2 ■ ■ -)e- 1 ^, b 2 = (f_ ni f_n 2 ■ ■ -y^'^, (2.26) 

where li = J2i n i an d h = J^i^i are the level on each edge. The action of M on 
becomes 

M$ = (^qN(N - 1) + (m 2 q + \)N + h - l 2 } $, (2.27) 

which shows M coincides with the angular momentum also in this case. On the other 
hand, we must treat the two boundaries equally to consider the energy of the states. To 
this end, we introduce another expression of $ in terms of the chiral vertex operators. One 
starts with a disk like region D\ on A which contains only one electron. Then we make a 
series of annulus-like regions D 2 - ■ ■ D^, each of which contains one electron respectively. 
To produce the two edges, it is necessary to insert a disk with two holes, C in the series, 
which contains no electrons. Let us denote the chiral vertex operator corresponding to C 
as Aj k . Then, we arrive at the following expression for $: 

* = ^U^W--^e 3 ---^o- (2-28) 

We can further arrange this expression by using the worldsheet duality of conformal field 
theory. Duality results in a set of " duality transformations" of chiral vertex operators 
(see |L4] for details). By using duality transformations, we arrange the expression (|2.28|) 
to be 

$A = <VA,M 9 -<o. (2-29) 
The states with edge excitations are now expressed as 

We will denote the vector space spanned by l)^ 1 '™ 2 ' ' ni ' n ' 2 ^ as Qn- 
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We define the action of M on A l j k by 

MA*„ = (A + Aj - A k )A%, (2.31) 

and introduce another operator M by 

W jk = (Ai + Aj - A h )^* jk , (2.32) 
MA) k = (A t + A,-A k )A) k . (2.33) 

We define the energy for edge states by Me = h(M + M) to cancel the contribution from 
the bulk. The value of M E on ^'-' n ^ [ s 



E $?---» = ( (mig 2 + A)2 (m29 2 + A)2 + Z 2 ) (2.34) 



M, 



We see that Me coincides with the sum of the " pseudoenergy" of [^]. Also, Q = ^(M—M) 
acts as the total charge operator 

g^m.-.ni,-) = Nq $(*i ,-,m ,-)_ ( 2 .35) 

which would couple to the chemical potential. 

Now let us consider the annulus partition function for M E . For that purpose, we 
follow the discussion of 0. As the change of /3's by a q unit is equivalent to adding or 
removing an electron, and the bulk state is not disturbed by this change, we extend a 
single charge sector to include all the sectors differing by integral charges. It means that 
we must also consider negative N. At first sight, this seems to be a contradiction, but 
it is not. In conformal field theory, the bulk wavefunction can also be reconstructed as 
the correlation function of e~ l ^ Lp since there is ambiguity in the sign of charge. In other 
words, the ground state wavefunction for the quantum hall state can also be expressed 
as 

^:k-(iv-i k '--^,o- (2-36) 

When we consider the charge sectors as above, we must take into account these expressions 
too. By defining Q = ~{M — M) for negative N, we can keep track of the sign of the 
total charge. Thus the partition function we will consider is the grand-canonical partition 
function on the space fl e d g e = ©aL-oo^n (^ 7TT = 27r^ = — ifi/3 where (3 = l/k B T is 
the inverse temperature and fi is the chemical potential) : 



r, = T rfW ( e ^r(M E -^ )+ 2,iCQ\ _ (2 _ 37) 



Here the term proportional to the central charge (rib = 2) is a Casimir energy factor. 
From (ET34D(ET35D, we get 



^ ann (^0 = ExA(r,C) (2.38) 

A=0 
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where xx/q are the characters of the rational torus 

XA/ 9 (r,C) = -E^^ +27riC(m ^ ) . (2.39) 
V mez 

We see that xx/q satisfies xx/q = X-x/q — X(q+x)/q- The contribution of each edge can be 
distinguished by introducing complex conjugate variables. Then the partition function 
becomes 

Z ann = T,Xx/qXx/q, (2-40) 

A=0 

which is nothing but the T(2) invariant partition function obtained in 
2.3 Laughlin states with multiple edges 

Let D be a region which has rib boundaries Bi, • • • , B nb , and consider a Laughlin state 
3>(zi, • • • , Zn) on D. Let Bi be the outer boundary which encloses D. When we divide the 
quantum hall state into components as in the previous sections, it is necessary to insert 
{n h — 1) disks with two holes, Ci, • ■ ■ , C nb _i, all of which contains no electron. By this 
procedure, D is divided into (N + rib — 1) regions Di, ■ ■ ■ , Dn, C\, ■ ■ ■ , C nh -\. Then, rib 
regions among D\ • • ■ D^, Ci, ■ ■ ■ , C nb -i have one of rib boundaries B\ ■ ■ ■ B nb respectively. 
As in the previous section, each Di,l = 1, • • • N corresponds to a chiral vertex operator 
<P l j k with 0j. Also, we assign a chiral vertex operator to C m and denote them as Aj k , 
where k is assigned to the outer boundary of C m . As in the case of annulus, we arrange 
the expression into the following form by duality transformations: 

* = 4l ai Ail* 2 ■ ■ ■ i l r2 A(,-i,^i) • • ■ (2-41) 

We see that $ is now separated into the edge and the bulk parts. /?!••• /3 nb are the primary 
fields on which the edge excitations are generated. From the fusion rules of the rational 
torus , Pi, ■ ■ ■ , p nb are globally constrained by the following relation: 

Pi=P2 + ---Pn b + Nq. (2.42) 

Then the general inequivalent states with edge excitations are 

$ (W) = ttar'^-^A^^)'^^^) ( 2 - 43 ) 

b\ = U\i£ni'--)e- iM ^, (2.44) 
h = (£ n *J k _ n ,---)e lM ^, k = 2,-.-n b (2.45) 

where ({n}) = ({n\ ■ ■ -}{ri{ ■ ■ -}{ril h •••}). Let Qn be the vector space spanned by ex- 
pressions $({ n }). We take Me to be the pseudoenergy of the system as the generalization 
from the annulus case. To consider the partition function, we gather all the charge sectors 
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differing by integer charge as in the case of annulus, and consider the space of the edge 
states fledge = 0Ar=_oo ^n- From (|2.42j ), the (grand-canonical ) partition function is 

Z("»)(r,C) = Tr nodgc f e ^ir(M E -^)+2 m cQ\ ( 2 .46) 



E XXl/q-'-XXnJq (2-47) 



Ai— A2 \ nh =0 



This partition function can also be obtained from the following method using the Verlinde 
formula [[OJ. First suppose that (3 nb = r (mod q), r £ {1, — 1}. Then a nij _ 2 = r 
(mod q) and £>i, • • • b nb _i can be seen as (n b — 1) edge states in the presence of r quasiholes. 
Let us denote the space of expressions in terms of chiral vertex operators for these edge 
states as Q( nb \ and introduce the partition function on Q( nb \ 

Z( n »\r,0 = Tr n(nb) (e 2mT ^ ME -^ )+2 ^ Q ) (2.48) 
From the discussion above, Z^ is factorized by Z^ nb ^ as 

Z^^Xs/Al^- (2-49) 

r=0 

We see that these relations can be written by use of the fusion rules of the rational torus 

Nj k = 5 j+k ^ as 



= Y.KsXs/ q Z < i nb ^ >. (2.50) 

s,t 



To get the explicit formula of the partition function, let us recall some facts about the 
characters Xx/q ( |2.39j ) of the rational torus. The modular transformation S : r — > — ( — > 
— * acts on xx as Fourier transformation: 

XA-XA = ^Ee 2mAA ' /9 Xv. (2.51) 

V 1 A'=0 

The matrix elements of 5* are therefore = -^=exp{2nikn/ q) . As conjectured by Verlinde 

and proved by Moore and Seiberg, The matrix elements Sj of modular transformation 
and the fusion rules Nj k of rational conformal field theory have following relation ||15||[|i~4]l: 

N k = E^A^, (2.52) 

n 

Ai n) = SZ/SS. (2.53) 

Now let us solve the equation ( |2.50| ) by using this formula. First, we do the Fourier 
transformation on Z™ b , 

F (n b ) = J_J2 e -^irX/q z (n b )^ 

y/Q x 
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Then, by using the Verlinde formula (|2.53|) , ( |2.50|) is now arranged into a simple formula, 

= VQXr/^-V (2.55) 
As Z}. is nothing but X r/ q , F? = ±= Ex e~ 2 ™ rA/9 Xr/ g - Thus we get 

= q^CEe-^V'xx/JiXr)"*- 1 . (2-56) 

A 

By using the inverse Fourier transformation, we obtain the partition functions Z™ b as 

= q ^Y^ e -^rX/ qF {n b ) (2>57) 
A=0 

i 9-1 /9-1 \ /9-1 Y^ 1 

= -E e~ 2mrX/q E e- 2mXX '^Xx/ q E e 2 « iXX '^ X y /q ■ (2.58) 

^ A=0 \A'=0 / \A'=0 / 



In particular, we get the grand-canonical partition function for the edge excitation of the 
Laughlin state with n& boundaries as 

4 nb) = -E^E^-^'^Ui;^ 7 ^) (2-59) 

? A=0 \A'=0 / \A'=0 / 

This is indeed the partition function in ( |2.47| ). 

3 Edge and Bulk of the Pfaffian State 

The method using the Verlinde formula to obtain the multiple edge partition function is 
applicable to other quantum hall states based on rational conformal field theories. As an 
example, we'd like to calculate the multiple edge partition function of the Pfaffian state 



[T~0|1 . The ground-state wavefunction of the Pfaffan state at the filling fraction v — ^ (q : 



even) for an even number N of electrons is 

[ ' 1 (3.1) 



Pfaff(— ^) n(*i - %) 9 exp 



Z i Z j i<j 



1 I _ |2 

"4 V 



This state can be written in terms of Majorana-Weyl fermion ip as : 

72 

(V(^i)e^^) ■ ■ .ip(z N )e l ^ ZN) exp [ —^{z)). (3.2) 

The minimal fusion algebra including ip is that of the Ising model. This algebra is the " 
center algebra" in the sense of ||. The Ising model has three primary fields, and a, 
where a is the spin field. The fusion rules of the Ising model are 



ip x ip — 1, ip x a — a, a x a — 1 + ip. 



(3.3) 
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The couplings to the rational torus are restricted by the requirement of single-valuedness 
and non-singularity of wavefunctions in the electron coodinates. This requirement is 
shown to be equivalent to an orbifold construction M and the allowed couplings are 

{e {ijje {ae 2 ^ }, r = 0, • • • , q — 1. 

We can apply the same technique used in the Laughlin state to express the quantum 
hall state. The Pfaffian state (|3.1|) on a disk is expressed in terms of chiral vertex operators 
as 

<(*i)<teO ■ (3-4) 

where the indices for the rational torus are omitted. We see that the contribution to the 
edge state from the Ising model is 1. It is also possible to consider the Pfaffian state for 
the odd number of electrons. In this case, we have 

" (3-5) 

The Ising model contribution to the edge state is ip in this case. The edge excitations are 
generated by the descendant fields of the primary field at each edge as in the Laughlin state 
(for the Ising model, descendant fields are generated by {L_ n },n = 1,2, • • ■ of Virasoro 
algebra). The operator M acts as the angular momentum operator also in this case. To 
give explicit formulas for the partition functions , let us recall the Virasoro characters of 
the Ising model (oj = exp(27rir)), 

1 / oo oo \ 

rr w (r) = ^(na+a/^) +n(i-" B+ *)J. (3-6) 

1/00 00 \ 
*rv) = ^(na+^-na-^)), (3.7) 







00 

Xa W (r) = u,*H{l + u»). (3.8) 



1 



Now, the partition function for a disk is obtained as 



,M 0v MW, 



Z disk (r) = Tin cdgc (e 2mT(M -^) = - [T) for N even, (3.9) 

M = ^(qN(N-l)-(N-l)) (3.10) 

,M 0v MW/ 



z, ilS k (r) = u vn for N odd; (3 n) 

7]{t) 



c=5 M Q = l ~{qN{N-l)-{N-l)). (3.12) 

Next, let us consider the Pfaffian state on an annulus. Following the same argument to 
give ( p.29|) , it is expressed by chiral vertex operators as 

4taAa 2 •••<_,,!• (3-13) 
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In the case of the Laughlin state on an annulus, we gather all the charge sectors differing 
by integral charges into a single sector. For the Pfaffian state, we must gather all the 
charge sectors differing by even integral charges into a single sector, since electrons are 
paired by the degree of freedom from the Ising model. So, we introduce the following 
functions for the rational torus: 

x even (r;C)= l E e2mr rf +27riC(m+ |) (314) 
^ meZ c - 



X°/ d 9 d (r,C) = - £ e 2 -^^"^ (3.15) 

^ meZ odd 

From these definitions, they satisfy 

even _ even _ even _ odd /o i c\ 

Xr/q — X-r/q — X{2q+r)/q — X(q+r)/qi (O.10J 

odd _ odd _ odd _ even ("\ \7\ 

Xr/q — X-r/q ~ X(2q+r)/q ~ X(q+r)/q- V 6 - 11 ) 

Also, we introduce the following functions according to the coupling of the Ising model 
and the rational torus (a=even, odd): 

Xl = xT W X a r/q , i = l,V>, (3-18) 

Xcr,r = Xa X(r+l/Z)/q- 

(3.19) 



For N even, a\ in ( |3.13j ) is le ±tN y^ v . If f3± is from the even (odd) sector of the rational 



torus, /?2 is from the even (odd) sector and visa versa. As in the Laughlin state, we define 
the pseudoenergy by M E = M±K anc i the total charge operator by Q = -q-j-(M — M) for 

the expressions with positive N and Q = -^(M — M) for the expressions with negative 
N. Then, the grand-canonical partition function for N even is 



Z even = ^. l2^M E -^)^KQ> 

edge V J 

= EE[M,) 2 + (4,) 2 + (x:) 2 ], (3-20) 



a r=0 



where = (B N:even tt N . For N odd, oti in (gl3|) is ipe ±iN ^. If the ft is from the 



even(odd) sector of the rational torus, /3 2 is from the odd (even ) sector and visa versa. 
From (1375), we obtain 



Z odd = Tr^odd ( e ^r(M E -^) W Q 

edge V 



= £ [^xlTx^r + 2xt d 47 + 2 X^ en X^ d ] , (3.21) 

r=0 

with fi°dge = ®N-.odd^N- By introducing complex conjugate variables to distinguish two 
edges, we see that the sum of these partition functions Z even + Z odd is 

9-1 r 

^annulus \ * I even _i_ ^.odd 2 i I even _i_ ^odd 2 . I even _i_ ^.odd 

/ y I l/Cl,r Xiji,r I "t - l/Ci/i,r Xl,r I \Xa,r ' Xa,r 



r=0 

9-1 r 

E||„ MW„ even , MW..odd|2 , |,.MW,.even , , .MW , .odd 1 2 , |_. ,, |2 (1 99 

[\Xl Xr + X,fi Xr I + \X$ Xr + Xl Xr I + \XaXr+l/2\ \ • (3.22 

r=0 
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This partition function is the one derived in M when ( = 0. 

Generalization to the case of rib boundaries is similar to the case of the Laughlin state. 
The Pfaffian state on a region with rib boundaries is expressed as 

4i a Xla 2 ■ ■ ■ Au^-K^Kc, ■ (3-23) 

Let us denote the partition function of edge excitations with a n6 _i = (i, A, a) where 
i = l,ip,(T and A = 0, • • • , q — 1, a — even, odd as Z^ h \ By summing over all the sectors 
of [3 nbJ we find the equation satisfied by Z^ Ub ' > : 

C K) = E E E^A^Kir 1 ^ (3-24) 

jk a2+a,3=ai A=0 

Here is the fusion rules of the Ising model and Z( nb ~ 1 * > is the partition function for the 
remaining (rib — 1) boundaries. The Verlinde formula ( |2.53| ) implies that this equation is 
diagonalized by the modular transformation. The matrix element of modular transfor- 
mation for the Virasoro characters Xi , X^ W ; xSf °f the Ising model are 



5 2 



i< 1 




(3.25) 



Putting Wi = J2j SfZj, we get 



W^= £ EjE^X^W^r^ (3-26) 

where Xf = Sj/5g. By introducing £? A = Ej ^fxlx i- e - 

£i°,a = Xlx + Xlx + V2xk, (3.27) 

q,A = XtA + X^A-^A, (3-28) 

C,a = XU-X;,A, (3-29) 



( |3.26| ) becomes 



^,(n) = ^ gC-A^r^- (3-30) 



a 1 +a 2 =a A=0 



As = S*& tXi we get : 

Ki n) = \ E E ^"-fiX. (3-3i) 



P2, tt2, — ,On 

%f = \ E E Cr^L (3-32) 

P2,---,Pn 0,2, — ,a n 

<i n) = ^ E E C P r--C^ (3-33) 

P2i--,Ptii2,-,a n 
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with pi = s + Ya=2Vi (mod 2q) and a± = a + Yd=2 a i- m terms of these formulas, the 
partition functions are obtained as 



z a ; (n b) = IW^ + ^W^ + ^W;:^, (3.34) 

Z a ,f b) = l Wti nb) -^W^ + l -Wlf b \ (3.35) 



ip,s 2 i,s 2, 2 ^' s ' 

Z a,(n b) = ^W^ ] -^W;f>\ (3.36) 

In particular, we get the partition function for the Pfaffian states Zf^ en + Zi 



7odd 

J ip,0 



rr{n b ) _ 1 / T rreven,(n t ) y-rrodd^nj, 
Z Pfaff - p ^1,0 + VV lfl 



2 



Ti7-even,(nj,) yirodd,(n b ) 



+ 1 (^even ,(„,) + y^odd.K)) ^ 



4 Discussions 



We obtained the multiple edge (grand-canonical) partition functions for the Laughlin 
state and the Pfaffian state. To deal bulk and edge states simultaneously, we introduced 
a method to express quantum hall states in terms of the chiral vertex operators. The 
constraints result in the relation between the multiple edge partition functions, which 
is diagonalized by the modular transformation. These methods are applicable to other 
states obtained from rational conformal field theories. Generally, the relation between the 
(grand-canonical) partition functions of edge excitations on nj, and (n& — 1) boundaries is 
given by 

Zt b) = E^jXjZt^, (4.1) 

jk 

where Xj is the Virasoro character for <j>j and the sum is over the allowed primary fields, 
which are determined by the single-valuedness of wavefunctions in the electron coordi- 
nates. By using this equation recursively, we have 

Zt b) = E E N^N^:: jnb _ 1 ---Nt 2 , 3 N^X Jl ---X Jnb (4-2) 

jl, — ,jn b kl, — ,kn b -2 

= E dimn (hji,j2---,Jn b )Xh---Xj nb , (4-3) 

h,—,jn b 

where dim«(i,#, • • • , j n „) = N-^N^^ • • • N^Mlh is the dimension of 
TC(i,ji, ■ ■ ■ ,jn b ), the space of conformal blocks on a sphere with rib + 1 marked points 
with the insertions of fields i,jx,j2 • • • ,jn b - On the other hand, we obtain the explicit 
form of Zi by using the Verlinde formula (|2.53 ) as 



\ n b — 1 

5f 



ZP ] = E ^(E S fXi) E -JkXj ■ (4.4) 
k j V 3 ^° 
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The actual multiple edge partition function is obtained by combining these z\ nh \ The 
combination depends on the relation of bulk and edge states of the given quantum hall 
state. 

It would also be interesting to calculate the multiple edge partition functions for the 
Haldane-Rezayi state[|19j, which is beyond the scope of rational conformal field theory 

0101311. 
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